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Resolvent convergence of the Schr\"odinger operator




(1.1) $H_{\mu}=-\triangle+\mu q(x)\delta(|x|-a)$ in $L_{2}(R^{3})$




(1.2) $h_{\mu}[u, v]_{\int}=(\nabla u, \nabla v)+\mu<q\gamma u,$ $\gamma v>$ ,
$Dom[h_{\mu}]=H^{1}(R^{3})$ (form domain),
$H^{m}(G)$ $(, )$ $L_{2}(R^{3})$ $<,$ $>$ $L_{2}(S_{a})$ $\gamma$




(1. $\cdot$3) $Dom(H_{\mu})=\{u\in H^{1}(R^{3})\cap H^{2}(R^{3}\backslash S_{a})$ ;
$( \frac{\partial u}{\partial r})_{+}-(\frac{\partial u}{\partial r})_{-}=\mu q\gamma u$ in $L_{2}(S_{a})$ },
$H_{\mu}=-\triangle$ on $R^{3}\backslash S_{a}$ .






(1.4) $Dom(H_{\infty})=$ { $u\in H^{1}(R^{3})\cap H^{2}(R^{3}\backslash S_{a});\gamma u=0$ in $L_{2}(S_{a})$ },
$H_{\infty}=-\triangle$ on $R^{3}\backslash S_{a}$ .
$\mu\uparrow+\infty$ (1.2) h\mbox{\boldmath $\mu$} Reed-Simon[8] Theorem
S.14 $H_{\mu}$ $H_{\infty}$
Theorem 1 $\mu\uparrow+\infty$ $H_{\mu}$ $H_{\infty}$
$\mu\downarrow-\infty$
(1.5) $(A( \kappa)u)(x):=\int_{S_{a}}\frac{e^{|\kappa|x-y|}}{4\pi|x-y|}u(y)dS_{y}$ $(x\in S_{a})$ ,
(1.6) $(B( \kappa)u)(x):=\int_{S_{a}}\frac{e^{|\kappa|x-y|}}{4\pi|x-y|}u(y)dS_{y}$ $(x\in R^{3})$ .
$A(\kappa)$ $L_{2}(S_{a})$ $B(\kappa)$ $Im\kappa>0$ $L_{2}(S_{a})$ $H^{1}(R^{3})$
$(I- S[3,\S 2])$
(1.7) $\gamma B(\kappa)=A(\kappa)$ if $Im\kappa>0$ .
$\mu\downarrow-\infty$
Theorem 2 $c>0$ $\mu_{k}arrow-\infty$ $(karrow\infty)$ $||(\mu_{k}^{-1}+\sqrt{q}A’(ic)\sqrt{q})^{-1}||=$
$O(\mu_{k^{2}})$ $\{\mu_{k}\}$ $\{\mu_{k}\}$ $H_{\mu_{k}}$ $H_{\infty}$
Theorem 3 $c>0$ $\mu_{k}arrow-\infty$ $(karrow\infty)$ $||(\mu_{k}^{-1}+\sqrt{q}A(ic)\sqrt{q})^{-1}||=$
$O(\mu_{k^{3}})$ $\{\mu_{k}\}$ $\{\mu_{k}\}$ $H_{\mu k}$ l $H_{\infty}$
.
(1) $\mu\uparrow+\infty$ $\Vert(\mu^{-1}+\sqrt{q}A(ic)\sqrt{q})^{-1}||=O(\mu)$ $(c\geq 0)$
(2) $q(x)=$ $\kappa\in C$ $\mu_{k}arrow-\infty$ $(karrow\infty)$ $||(\mu_{k}^{-1}+$
$\sqrt{q}A(\kappa)\sqrt{q})^{-1}||=O(\mu_{k})$ $\{\mu_{k}\}$
(3) $q(x)=$ $\kappa\in C$ $\mu_{k}arrow-\infty$ $(karrow\infty)$ $||(\mu_{k}^{-1}+$
$\sqrt{q}A(\kappa)\sqrt{q})^{-1}||=O(\mu_{k}^{2})$ $\{\mu_{k}\}$
(4) $c>0$ $\mu_{k}arrow-\infty$ $(karrow\infty)$ $||(\mu_{k}^{-1}+\sqrt{q}A(ic)\sqrt{q})^{-1}||=O(\mu_{k^{3}})$
$\{\mu_{k}\}$





$k>0$ $-k^{2}$ $H_{\mu_{j}}$ $\mu_{j}arrow-\infty$





$Y_{l}^{m}(\omega)$ $(l=0,1,2, \cdots ; m=-l, -l+1, \cdots, l)$ $L_{2}(S_{1})$
$L_{2}(S_{a})$




([9]) $j_{l},$ $h_{l}^{(1)}$ Bessel 1 Hankel
$j_{l},$ $h_{l}^{(1)}$
(2.4) $\lambda_{l}(ic)>0$ if $c\geq 0$ .
(2.5) $\lambda_{l}(\kappa)=\frac{a}{2l+1}(1+\frac{a^{2}\kappa^{2}}{2l^{2}}+O(l^{-3}))$ as $larrow+\infty$ ,
$(2.1),(2.2)$
(2.6) $A(ic)= \sum_{l=0}^{\infty}\sum_{m=-l}^{l}\lambda_{l}(ic)<\cdot,$ $\frac{1}{a}Y_{l}^{m}>\frac{1}{a}Y_{l}^{m}$
$(2.4)-(2.6)$ $C^{\infty}(S_{a}),$ $H^{s}(S_{a})$ :
$(*)$ $u= \sum_{l=0}^{\infty}\sum_{m=-l}^{l}u_{lm}Y_{l}^{m}\in C^{\infty}(S_{a})\Leftrightarrow$
$\sum_{m=-l}^{l}|u_{lm}|^{2}=O(l^{-N})$ as $larrow\infty$ for each fixed $N$ ([ll,p.70]).
$(**)H^{s}(S_{a})= \{u=\sum_{l=0m}^{\infty}\sum_{=-l}^{l}u_{lm}Y_{l}^{m};\sum_{l=0m}^{\infty}\sum_{=-l}^{l}(l^{2}+l+1)^{s}|u_{lm}|^{2}<+\infty\}$,
$||u||_{H^{f}(S_{a})}^{2}= \sum_{l=0}^{\infty}\sum_{m=-l}^{l}(l^{2}+l+1)^{s}a^{2}|u_{lm}|^{2}$ ([5], [10])
Lemma 1 $c\geq 0$
(2.7) $A^{t}(ic)(C^{\infty}(S_{a}))=C^{\infty}(S_{a})$ for $t\in R$ ,
(2.8) $A^{t}(ic)A^{t’}(ic)=A^{t+t’}(ic)$ on $C^{\infty}(S_{a})$ for $t,$ $t’\in R$ ,
(2.9) $A^{t}(ic)\in B(H^{s}(S_{a}), H^{s+t}(S_{a}))$ for $t,$ $s\in R$ ,
$B(\kappa)$ ([6])




Theorem3 $R_{\mu}(z)$ $:=(H_{\mu}-z)^{-1},$ $R_{\infty}(z)$ $:=(H_{\infty}-z)^{-1},$ $R_{0}(z)$ $:=$












(3.3) $A_{1}(ic)$ $:=\sqrt{q}A(ic)\sqrt{q}$ for $c\geq 0$
(3.4) $(\mu^{-1}+A_{1}(ic))^{-1}=A_{1}^{-1}(ic)-\mu^{-1}(\mu^{-1}+A_{1}(ic))^{-1}A_{1}^{-1}(ic)$ on $C^{\infty}(S_{a})$ .
(3.5) $R_{\mu k}(-c^{2})=R_{0}(-c^{2})-B(ic)A^{-1}(ic)\gamma R_{0}(-c^{2})$
$+\mu_{k}^{-1}B(ic)\sqrt{q}A_{1}^{-2}(ic)\sqrt{q}\gamma R_{0}(-c^{2})-\mu_{k}^{-2}B(ic)\sqrt{q}A_{1}^{-3}(ic)\sqrt{q}\gamma R_{0}(-c^{2})$
$+\mu_{k}^{-1}B(ic)\sqrt{q}A_{1}^{-3/2}(ic)\mu_{k}^{-2}(\mu_{k}^{-1}+A_{1}(ic))^{-1}A_{1}^{-3/2}(ic)\sqrt{q}\gamma R_{0}(-c^{2})$ .
(3.5) ”q $\in B(H^{s}(S_{a}))$ if $q\in C^{\infty}(S_{a})\}_{\llcorner}^{arrow}if$ Lemmas1,2
$BA^{-1}\gamma R_{0}$ : $L_{2}(R^{3})arrow^{Ro}H^{2}(R^{3})arrow^{\gamma}H^{3/2}(S_{a})arrow^{A^{-1}}$
$H^{1/2}(S_{a})\llcornerarrow H^{-1/2}(S_{a})arrow^{B}H^{1}(R^{3})$ ,
$B\sqrt{q}A_{1}^{-2}\sqrt{q}\gamma R_{0}$ : $L_{2}(R^{3})arrow\gamma R_{0}H^{3/2}(S_{a})arrow^{\sqrt q}$
$H^{3/2}(S_{a})arrow H^{-1/2}(S_{a})A_{1}^{-2}arrow H^{-1/2}(S_{a})\sqrt{q}arrow^{B}H^{1}(R^{3})$,
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$B\sqrt{q}A_{1}^{-1/2}\mu^{-1}(\mu^{-1}+A_{1})^{-1}A_{1}^{-3/2}\sqrt{q}\gamma R_{0}$ : $L_{2}(R^{3})^{\sqrt{q}\gamma R_{0}A_{1}^{-sp}}arrow H^{3/2}(S_{a})arrow$
$L_{2}(S_{a})^{\mu^{-1}(\mu^{-1}+A_{1})^{-1}A_{1}^{-1/2}}arrow L_{2}(S_{a})arrow H^{-1/2}(S_{a})arrow^{B}H^{1}(R^{3})$,
$B\sqrt{q}A_{1}^{-3}\sqrt{q}\gamma R_{0}$ : $L_{2}(R^{3})^{\sqrt{q}\gamma R_{0}}arrow H^{3/2}(S_{a})arrow^{A_{1}^{-3}}$
$H^{-3/2}(S_{a})arrow H^{-3/2}(S_{a})\sqrt{q}arrow^{B}H^{0}(R^{3})=L_{2}(R^{3})$ ,
$B\sqrt{q}A_{1}^{-3/2}(\mu_{k}^{-1}+A_{1})^{-1}A_{1}^{-3/2}\sqrt{q}\gamma R_{0}$ : $L_{2}(R^{3})^{\sqrt{q}\gamma R_{0}A_{1}^{-3/2}}arrow H^{3/2}(S_{a})arrow$
$L_{2}(S_{a})(-L_{2}(S_{a})^{\sqrt{q}A_{1}^{-3/2}}arrow H^{-3/2}(S_{a})arrow^{B}L_{2}(R^{3})$.
(setp 3)
$B\sqrt{q}A_{1}^{-3/2}\mu_{k}^{-3}(\mu_{k}^{-1}+A_{1})^{-1}A_{1}^{-3/2}\sqrt{q}\gamma R_{0}$ S(Schwartz ) $0$











\S 1 $q(x)=V_{0}$ $>0$ $\kappa\in C$
$\mu_{k}arrow-\infty$ $(karrow\infty)$ $||(\mu_{k}^{-1}+\sqrt{q}A(\kappa)\sqrt{q})^{-1}||=O(\mu_{k^{2}})$
$\{\mu_{k}\}$ (2.6)
(4.1) $||( \mu^{-1}+\sqrt{V_{0}}A(\kappa)\sqrt{V_{0}})^{-1}||=\sup_{l\geq 0}$ I $\mu^{-1}+V_{0}\lambda_{l}(\kappa)|^{-1}$ .
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(2.5)
(4.2) $V_{0}(Re \lambda_{l}(\kappa))\sim\frac{V_{0}a}{2}l^{-1}$ as $larrow\infty$
$I_{k}=( \frac{1}{2k}, \frac{1}{k}$] (4.2) $k$ $V_{0}(Re\lambda_{l})$
$O(k)$ $\frac{1}{2}k^{-1}$ $J_{k}(\subset I_{k})$
$V_{0}(Re\lambda_{l})$ $O(k^{-2})$
$-\mu_{k}^{-1}$ $J_{k}$ (4.1) $-\mu_{k}^{-1}\sim k$
$||(\mu_{k}^{-1}+\sqrt{V_{0}}A(\kappa)\sqrt{V_{0}})^{-1}||=O(k^{2})=O(\mu_{k}^{2})$
$q(x)$ $c>0$ $\mu_{k}arrow-\infty$ $(karrow\infty)$
$||(\mu_{k}^{-1}+\sqrt{q}A(ic)\sqrt{q})^{-1}||=O(\mu_{k^{3}})$ $\{\mu_{k}\}$
$(2.2),(2.4)$ $\psi A(ic)$ $CONS\{\varphi_{j}\}$
$\sqrt{q}A(ic)\sqrt{q}=\sum_{j=1}^{\infty}s_{j}<\cdot,$ $\varphi_{j}>\varphi_{j}$ $(s_{j}>0)$
II $( \mu^{-1}+\sqrt{q}A(ic)\sqrt{q})^{-1}||=\sup_{j\geq 1}|\mu^{-1}+s_{j}|^{-1}$ .
s-number $[2,p.27]$
$s_{j}\sim\dot{\gamma}^{-1/2}$ as $j$ \rightarrow \infty
( $c$ $\lambda_{l}(ic)$ “‘ $l$ $s_{j}$
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